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Abstract

In this work, a novel transformation electromagnetics technique based on the
Schwarz-Christoffel (SC) theory is proposed to synthesize effective field
manipulation devices. Thanks to such a methodology it is possible to design
meta-material coatings for conformal linear phased arrays having a
doubly-connected profile with reduced anisotropy. Preliminary numerical results are
shown in order to validate the developed transformation tool on a selected
benchmark scenario.
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1 Mathematical Formulation

1.1 Schwarz-Christoffel Transformation

w — plane I'(w)

s
N

Figure 1: Mapping through Schwarz-Christoffel Transformation

Given Figure (1), the virtual points of a double-connected region R, (w — plane) will be mapped into a new physical

geometry L (z — plane) by means of the Schwarz-Christoffel transformation

P(w) = D) + C wﬁ{@( C )}_ i E (“—C)]Wldc M

We 1 HWok

where

e (C € Cis acomplex constant

M, N are the number of discretization points of the respectively outer and inner polygon of the physical geometry

L

(4 is the inner radius of 2,

{206 }M |, {#z1x}2_, are the vertices of the respectively outer and inner polygon (numbered counterclockwise)

{wor }2L,, {wik Y, are the prevertices of the respectively outer and inner vertices of L defined as:

{w()k}ljcw:l =1 ({ZOk}I]cwzl)

{wirhhly =T ({21 1220)

)

where I is the inverse transformation from z — plane to w — plane

e 1w, is the nearest prevertix of w
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o {appm} |, {aqpm}Y_, are the internal angles satisfying:

Ziuzl aop =M — 2

N 3
Dp—1 1k = N +2
Finally ©(w, u1) is defined as
O(w,u) =[] (1 —p tw) (1—p» w™). 4)
j=1
Considering an arbitrary inner radius ¢’ for R,,, a scaling factor 7 will be computed as:
MI
T=— %)
I

and the outer radius of the virtual geometry will be assigned to 7.

1.1.1 Compensation Angle

Given a control point in the virtual region w = (p¢p, @cp) We would like that the same point in the physical region keeps

the same angle ¢, i.e.,

W = (pep, Pep) = 2 =T(w) = (P, Pep) (6)

Towards this goal, a compensation angle is computed as follows:

1. Considering the control point z = (pr,,, ¢,,) in the physical region forcing that ¢, = ¢, , the equivalent point in
the virtual region is computed as

w=T"(z) = (p",¢") (7

where we want that ¢ = ;. The radius p,,, is selected considering the further point on the internal polygon from

the origin as

plcp = mp%}X{{Zlk}iY:l} + 7T ®)

being T an offset.

2. The compensation angle is computed as

O = Pep — ‘PH (9)

The points in the virtual region will be mapped into the physical one after applied the compensation angle as

w=(p,p—0)=(p,—pep +¢") (10)

So considering w = (pcp7 <Pcp)
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w = (pcpa Pep — 9) = (pcpv Pep — Pep T (PN) = (pcpv (PN) (11)

and the point will be transformed as

z2=T(w) = (Vp: Pep) (12)

where at beginning we enforce that goép = QYep-
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1.2 Lens Definition

Treating doubly-connected regions, the cylindrical coordinates are preferred. Starting from the virtual region described

by a (p, ¢, z) coordinates, using Schwarz-Christoffel transformation as just explained, we will define a new physical

geometry defined by the new coordinates (p’, ¢', 2’):

(0, ¢, 2") =T(p, ¢, 2) (13)

The physical geometry will be a doubly-connected structure representing the lens containing the array. The lens is de-

scribed by the £'(2’, '), p/(2',y") tensors of permittivity and permeability, respectively. In order to compute the £’,

tensors in a (2, y') point, it is needed to compute the Jacobian matrix of the transformation defined by:

o'
op

_ Ay’
A= %

9z’
op

S

<

Oy

9z’
O

*R
0

Q|
\ ~

)
N\

Q
N

/ /
dp dp 0

where after some manipulations, the final matrix [Ar] it will be

[AT]

—_

o

/
P 5

0

ap Jp

= %% %«g 0 (14)
0 0 1
1 0 0

[Alfo L 0 (15)
0 0 1

10p

p Op 0

292 g (16)

0 1

Finally, in order to implement the computation of the matrix in a software, we consider the partial derivatives as follows

(Fig.2).
dp,, 1 dpg,
B odp O
d ’ ’ d ’
N =| 0T 55 0 (17)
0 0 1
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dp o
(a)

A/

(', ") as follows

Figure 2: Elementary cell and partial derivatives in the (a) virtual and (b) physical geometries

/ ’
€op Epo Epz A AT
g
10 =T = =T
gz, y') €y, Epy € =
o op 00 €oz det(A,)
/ / /
Ezp €20 €2z
/ ’ /
,upp :qu Mpz A AT
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Jacobian.
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det(A)

where g, p are the permittivity/permeability tensors in the virtual space (Figure 3) while é; is the transpose matrix of the
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Computed the Jacobian matrix, it is possible to compute the entries of ¢’, ' tensors in a point of the physical domain

(18)

19)



1.3 Tensors Conversion

In the simulation of the physical geometry, we need to consider the Cartesian tensors of permittivity and permeability. In

order to convert the tensors, we will consider the following transformation matrix

cos(p) sin(p) 0
Wl=| —sin(e) cos(p) 0
0 0 1

where ¢ is the counterclockwise angle from the x — axis in the  — y plane computed as:

2arct — if 0 0
arctan ( I2+y2+m) ife>0o0ry #
Y= ™ ifr<Oandy =10

undefined ifr=0andy =0

(20)

1)

Therefore in the physical geometry the ¢ angle is computed considering the coordinates (z’,y’) of @’ the centroid of

the elementary cell in which is computed the permittivity and permeability tensor. So the Cartesian tensor of permittiv-

ity/permeability will be transformed as

Elzz E/J;y E;z E;)p Elpe E;zz
@)= e, €, €. =W chp Eoo by | W]
Elzz Efzy Elzz ] L EIZP EIZ@ EIZZ
How Moy Mo Hop  Hog  Hpe
w ) =1, phy ph | =V oy, by p | W]
Mo Moy Moo | | KL, Mg pL

where ET is the transpose matrix.

The lens can be approximated to an isotropic one considering the following tensors

e 0 0
=10 ¢ 0
0 0 ¢
100
=101 0
00 1

(22)

(23)

(24)

(25)

(26)
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A being the area of the discretization cell with centroid in Q = (z,y) for the virtual case while A’ is the area of the

discretization cell in the physical domain with centroid defined in Q' = (2/,y’).

A o Ifzz

z SIZP
Epz )_
/
7 €pp| .
/ e Lcpp

X

Figure 3: Permittivity tensor expressed in the cylindrical coordinates
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1.4 Definitions

e Maximum directivity
2
47rmaX<e {EW0, )"}

Dmax (9; 50) = (27)
fo |E(0, ¢)|? sin(0)dfdy
e Sidelobe level (SLL)
max{F (0, )}
SLL =20x1 —_— = 28
<t (001 oo
where F'(0, o) is the E(6, ¢) secondary lobes
e Maximum lens permittivity
max{g} = maX{qu( r); p,q € {1,2,3}} (29)
e Minimum lens permittivity
min{g} = min{ey(r); p,¢ € {1,2,3}} (30)
e Average fractional anisotropy
3 K2 ave 2
S S ilou(r) — owe @, an
area(d) Jreo 2 Zz 1o ()]
e Average relative anisotropy
2
A \/ Eiloie) ~ oue@)]? )
(ITS(I reQ 3U'aue )
where
- 0i(r), i = 1, ..., 3 are the eigenvalues of the permittivity tensor g(r);
-0 (r)*Mistheavera f the ei lues;
ave\l') = 3 ge of the eigenvalues;
— Q is the space region that defines the lens
e Far-Field Matching Error
Szt Lo, wyge | Best Ous o) = Erey (0, 0)|?

U v
ZUZI Zv:l, (u,v)¢Q |ET€f(9ua 5071)|2
e Near-Field Matching Error

U 1%
Y = Zu:l ZU:L (u,v)¢0 |E€St (‘Tua yv) - Eref($u7 yu)|2 (34)
B U Vv
Zu:1 ZU:I, (u,v)¢Q |E”"€f(:ru7 yu)|2
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2 Numerical Results

2.1 Parameters
e Array:

— Number of elements: N = 6
— Radius of circular array: rqyrqy = 1.45 [A]

- Elements spacing: d ~ 0.52 [)]
e Schwarz-Christoffel Transformation:

— Virtual Region
* Virtual ground plane radius: ryiri—gng = 1.2 [A]
* Distance from the ground plane: § = 74yray — Tvirt—gnd = 3
* Virtual permittivity: € = 1
* Virtual permeability: p =1
— Physical Region
* External radius: Leyt = 2.5 [A]

x External Lens boundary : Q. = {(x,y) ER| a2 +y?= Lezt} [A]

*

Internal Lens boundary: 9Q;,: = {(1.4;0), (0;0.3); (—=1.4;0), (0,—0.3)} [A]
* Number of points defining the external boundary: n.,; = 24

+ Number of points defining the internal boundary: n;,; = 4
o SCTO parameters

— Error tolerance: 10710
— Number of Gauss-Jacobi points (nodes): 6

— Discretization in virtual grid (outer boundary): A = 0.2 [}]

e Simulation Tool

Working frequency: f,, = 300 [M H z]

z € [—20, 20] [A]

Simulation region:
y € [-20, 20] [A]

€ [-20, 20] [\]

Near-Field computation:
Y€ [_205 20] [)‘]

0 = % [rad]

Far-Field computation:
p € [0, 7] [rad]
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— Mesh settings

* Size: sizemesn €[5 x 1074,0.2]
* Maximum growth rate: 1.3
* Curvature factor: 0.3

* Narrow region resolution: 1

— Simulation region layer thickness: 1
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2.2 Results
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Figure 4: (a) Virtual and (b) Physical geometries
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Figure 6: Far-Field Pattern for = 90 [deg] and ¢ € [0, 180] [deg] for (a) broadside and (b) steering at ¢ = 100 [deg]
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Figure 7: Near-Field pattern for (a),(b),(c) physical and (d) geometries
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Figure 8: [Angle of Steering: o = 100 [deg]] - Near-Field pattern for (a),(b),(c) physical and (d) geometries
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3 Conclusions

An innovative transformation electromagnetics methodology leveraging on the Schwarz-Christoffel theory has been pro-
posed to design conformal phased arrays. The preliminary numerical results have shown the effectiveness and the potential

of the method.
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