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Abstract 
 

In  this work,  non‐Born  targets  are  imaged  through  a  novel  inverse  scattering  (IS) 
methodology in microwave regime. The proposed method is based on a sparseness‐
promoting  approach  formulated  within  the  single‐task  Bayesian  compressive 
sensing  (ST‐BCS)  framework. Moreover,  the  ST‐BCS  solver  is  effectively  combined 
with a Born iterative method (BIM) inversion strategy to retrieve the target contrast 
while estimating the total electric field inside the imaged domain without recurring 
to  time‐consuming  full‐wave  simulations.  Some preliminary   numerical  results are 
reported to assess the effectiveness of the proposed BIM‐ST‐BCS method, as well as 
to highlight its current limitations. 
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Legenda

BCS: Bayesian Compressive Sensing

ST −BCS: Standard Bayesian Compressive Sensing

MT −BCS : Multi Task Bayesian Compressive Sensing

MoM : Method of Moments

BA : First Born approximation

BIM : Born Iterative Method

MSE : Mean Squared Error

CG : Conjugate Gradient

CSI : Contrast Sour
e Inversion
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1 Mathemati
al Formulation

Let us 
onsider an ina

essible investigation domain Λ irradiated by a set of in
ident transverse-magneti
 planes

Ev
inc (r

v) , v = 1, ..., V , impinging from the angular dire
tions θv = 2π
V

(v − 1), being V the number of views. In

this working s
enario, the s
attered �eld Ev
scatt (r

v
s) , s = 1, ..., S , is supposed to be measured through a set of S

sensors equally displa
ed on a 
ir
ular observation domain Θ, external to the investigation domain (Λ∩Θ = 0),

having radius ρ. The exa
t lo
ation of the sensors are identi�ed by the position ve
tor r
v
s = (ρ cos θvs sin θ

v
s ),

being θvs = θv + 2π
S
(s− 1). This s
attered �eld is known to be dependent on the equivalent 
urrents Jv

eq (r)

generated in the support of the unknown s
atterers pla
ed into the domain Λ, a

ording to the data equation:

Ev
scatt (r

v
s) = −k20

∫

Λ

Jv
eq (r

′)G (rvs/r
′) dr′ (1)

where G (rvs/r
′) is the Green's fun
tion in the free spa
e and k0 = ω

√
ε0µ0. The material properties of the

investigation domain Λ in terms of relative diele
tri
 permittivity εr (r) and ele
tri
 
ondu
tivity σ (r) are

des
ribed by means of the obje
t fun
tion τ (r) = εr (r) − ε0 −
σ(r)
2πfε0

, being f the frequen
y of the TM plane

wave.

In order to solve the problem, we have to dis
retise the data equation, so we have de
ided to use the MoM point

mat
hing version with a pixel-based appro
h. The investigation domain it is divided in N subdomains, in whi
h

our unknown Jv
eq (r) it is 
onsidered 
onstant. The basis fun
tions have this form:

qn(r) =











+1 r ∈ Dn

0 r /∈ Dn

(2)

where Dn is the n-th subdomain (pixel). Instead the testing fun
tions are Dira
 δ:

ψ(r) = δ(r− r
′) (3)

Now we 
an rewrite the data equation as follows:

[Ev
scatt] = [Gext][Jv

eq] (4)

where [Gext] is the external Green's fun
tion that links the position ve
tor in the observation domain with those

in the investigation domain.

3



The equivalent 
urrent Jv
eq (r) depends on two unknown variables:

• the obje
t fun
tion τ (r);

• the total ele
tri
 �eld in the investigation domain Eint
tot (r).

So our problem is Bilinear. Using the First Born Approximation we 
an make it linear. In this 
ase, Eint
tot (r) is


onsidered equal to Ev
inc(r) (known quantity). But this approximation 
an be apply only under the hypothesis

of weak s
atterators. The data equation is now:

[Ev
scatt] = [Gext][Ev

inc][τ ] (5)

To mitigate ill-posedness and ill-
onditioning, whi
h a�e
ts inverse s
attering, regularization appro
hes have

been adopted thanks to their 
apability to e�e
tively exploit a-priori information avaiable on the unknown

s
atterers. Within this line of reasoning, several probababilisti
 sparsity regularized formulations have been

re
ently adopted in mi
rowave imaging through the riformulation of the asso
iated inverse problem in terms

of suitable linear Bayesian Compressive Sensing (BCS) ones. This appro
h is now restri
ted to the 
ondition

of weak s
attereres be
ause of the Born approximation. In order to over
ome this issues, we want to develop

a novel method in the BCS framework that itera
tively re
ostru
t the diele
tri
 features of the s
atterers by

progressively updating the total ele
tri
 �eld (initially for
ed equal to the in
ident ele
tri
 �eld) on the basis of

the information a
quired at the previous step.

FIRST ITERATION:

Eint
tot (r) = Einc(r) (6)

from the data equation:

[Escatt] = [Gext][Einc][τ ] (7)

SECOND ITERATION:

we 
an use the information a
quired at the previous iteration:











[Eint
tot ] = [Eint

scatt] + [Einc]

[Eint
scatt] = [Gint][Einc][τ ]

(8)
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now in the data equation we 
an put the new value of [Eint
tot ] and we re
al
ulate the [Escatt]:

[Escatt] = [Gext][Eint
tot ][τ ] (9)

i-th ITERATION:

we 
an use the information a
quired at the (i− 1)-th iteration. For this reason we de�ne:

• [Eint
tot ]i =the new value of [Eint

tot ] for the i-th iteration

• [Eint
scatt]i−1 =[Eint

scatt] generated by the re
onstru
ted obje
t at the (i− 1)-th iteration

• [τ ]i−1 =obje
t fun
tion evalueted at the (i − 1)-th iteration

• [τ ]i =obje
t fan
tion evalueted at the i-th iteration

We update the [Eint
tot ] with the following system:











[Eint
tot ]i = [Eint

scatt]i−1 + [Einc]

[Eint
scatt]i−1 = [Gint][Eint

tot ]i−1[τ ]i−1

(10)

we repeat those steps until we rea
h a 
ertain threshold η or maxime number of iterations (IMAX ).

For the threshold we have 
onsidered the MSE of the relative diele
tri
 permittivity(εr) re
onstru
ted in two

following iterations. To estimate the MSE we have used this formula:

MSE =
1

N

N
∑

n=1

[εir(n)− εi−1
r (n)]2 (11)

where:

• n =number of 
ells in whi
h the investigation domain is divided

• εir(n), n = 1, ..., N =relative diele
tri
 permittivity of the i-th iteration

• εi−1
r (n), n = 1, ..., N =relative diele
tri
 permittivity of the i− 1-th iteration

If MSE < η, the Born Iterative Method will stop.
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2 Preliminary Numeri
al Assessment

2.1 Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3

Figure 1: Re
tangle-shaped Obje
t

Test Case Des
ription

Dire
t solver:

• Cubi
 domain divided in

√
D ×

√
D 
ells

• Number of 
ells for the dire
t solver: D = 1296 (dis
retization = λ/12)

Inverse solver:

• Cubi
 domain divided in

√
N ×

√
N 
ells

• Number of 
ells for the inversion: N = 324 (dis
retization = λ/6)

Measurement domain:

• Total number of measurements: M = 27

• Measurement points pla
ed on 
ir
les of radius ρ = 3λ

Sour
es:

• Plane waves

• Number of views: V = 27; θvinc = 0◦ + (v − 1)× (360/V )

• Amplitude: A = 1.0

• Frequen
y: F = 300 MHz (λ = 1)

Ba
kground:

• εr = 1.0

• σ = 0 [S/m℄
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S
atterer

• Re
tangle-shaped obje
t, ℓ = λ/6, h = λ/3

• εr ∈ 4.0

• σ = 0 [S/m℄

Born Iterative Method

• IMAX = 10

• η = 10−3
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2.1.1 Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3, - ST-BCS re
onstru
ted pro�les with �rst Born

approximation
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Figure 2: Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/4: (a) Dire
t problem with τ = 3.0, (b) ST-BCS re
on-

stru
ted pro�les for SNR = 50 [dB℄, (
) SNR = 30 [dB℄ and (d) SNR = 20 [dB℄
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2.1.2 Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3, - ST-BCS re
onstru
ted pro�les with Born

Iterative Method (IMAX = 10)
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Figure 3: Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3: (a) Dire
t problem with τ = 3.0, (b)(e)(h) ST-BCS

re
onstru
ted pro�les for SNR = 50 [dB℄, (
)(f )(i) SNR = 30 [dB℄ and (d)(g)(l) SNR = 20 [dB℄ with (b)-(d)

Born Iterative Method at the �rst iteration (I = 1), (e)-(g) Born Iterative Method at the se
ond iteration

(I = 2), (h)-(l) Born Iterative Method at the third iteration (I = 3)
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SNR = 50dB SNR = 30dB SNR = 20dB
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Figure 4: Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3: (a)(d)(g)(l) ST-BCS re
onstru
ted pro�les for SNR = 50
[dB℄, (b)(e)(h)(m) SNR = 30 [dB℄ and (
)(f )(i)(n) SNR = 20 [dB℄ with (a)-(
) Born Iterative Method at

the fourth iteration (I = 4), (d)-(f ) Born Iterative Method at the �fth iteration (I = 5), (g)-(i) Born Iterative

Method at the sixth iteration (I = 6) , (l)-(n) Born Iterative Method at the seventh iteration (I = 7)
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SNR = 50dB SNR = 30dB SNR = 20dB
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Figure 5: Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3: (a)(d)(g)(l) ST-BCS re
onstru
ted pro�les for SNR = 50
[dB℄, (b)(e)(h)(m) SNR = 30 [dB℄ and (
)(f )(i)(n) SNR = 20 [dB℄ with (a)-(
) Born Iterative Method at the

eighth iteration (I = 8), (d)-(f ) Born Iterative Method at the ninth iteration (I = 9), (g)-(i) Born Iterative

Method at the tenth iteration (I = 10)
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2.1.3 Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3, - ST-BCS re
onstru
ted pro�les with Born

Iterative Method (Threshold η)
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Figure 6: Re
tangle-shaped Obje
t, ℓ = λ/6, h = λ/3: (a) Dire
t problem with τ = 3.0, (b) ST-BCS re
on-

stru
ted pro�les for SNR = 50 [dB℄, (
) SNR = 30 [dB℄ and (d) SNR = 20 [dB℄ with (b)-(d) Born Iterative

Method with threshold η = 10−3

Tab. 1 shows the number of iterations before stopping BIM.

SNR = 50dB SNR = 30dB SNR = 20dB
Number of iterations 10 10 9

Table I: Number of steps before the break
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