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1 Common / Not-common Faulty Elements Robustness Analysis

1.1 Common Elements - P = 4

Array Parameters:

• Number Elements: N = 20

• Services: Sum / Difference Beams

• Number of Common Elements: P = 4

• Element Spacing: λ/2

Constraints:

• Main Sum Lobe Width: BWΣ = 0.24u

• Main Difference Lobe Width: BW∆ = 0.38u

Simulation Parameters:

• Sample Points: 2001

• Max Function Evaluations: 6000

• Max Iterations Number: 1000

• Function Tolerance: 1.0× 10−8

• Constraint Tolerance: 1× 10−8
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Algorithm Behaviour:

• Simulation Time Pattern: 46 sec.

In the following figures are reported, for each iteration, the max values evaluated by the objective function and by the

constraint function for the sum and difference pattern synthesis.

Sum Beam:
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Figure 1. Sum Beam optimization’s fitness

max{ψ(k)} min{ε(k)}

18.36 1.1× 10−12

Table 1. Max. value evaluated by ψ; min value evaluated by ε; simulation time.

Difference Beam:
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Figure 2. Difference beam optimization’s fitness

max{ψ(k)} min{ε(k)}

−206.7 1.5× 10−12

Table 2. Max. value evaluated by ψ; min value evaluated by ε; simulation time.
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Excitations:

• Number of Common Elements: P = 4
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Figure 3. Sum beam’s excitations amplitudes
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Figure 4. Difference beam’s excitations amplitudes

Normalized Excitations:

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  5  10  15  20

N
or

m
al

iz
ed

 E
le

m
en

t A
m

pl
itu

de

Element Location, x/λ

Amplitude, αn
Σ

Amplitude, αn
∆

Figure 5. Sum and Difference beam’s normalized excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

αΣ
n

0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

α∆
n

0.5487 0.366 0.4663 0.5585 0.6249 0.6459 0.6059 0.4981 0.3281 0.1146

Table 3. Sum and Difference beam’s nominal amplitudes values (symmetric excitations)
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Sum Pattern:
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Figure 6. Synthesized Sum Pattern

SLLnom [dB] Dnom

max [dB] BWnom [u] ψ1 [u]

−25.28 12.65 0.104 0.131

Table 4. Sum beam’s features values

Difference Pattern:
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Figure 7. Synthesized Difference Pattern

SLLnom [dB] Knom [1/rad] BWnom [u] ψ1 [u]

−19.74 1.2084 0.082 0.192

Table 5. Difference beam’s features values
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Tolerance Over Common Elements - F = 4

• Total tolerance: T = 4
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Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.0 0.0 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

sup {An} 1.0 1.0 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

w {An} 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4663 0.5585 0.6249 0.6459 0.6059 0.4981 0.3281 0.1146

inf {An} 0.0 0.0 0.4663 0.5585 0.6249 0.6459 0.6059 0.4981 0.3281 0.1146

sup {An} 1.0 1.0 0.4663 0.5585 0.6249 0.6459 0.6059 0.4981 0.3281 0.1146

w {An} 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:
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Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.01 0.4951

inf −31.68 0.056 10.5 −1.18

sup −13.16 0.142 14.16 1.22

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −19.74 0.082 1.2084 0.0 0.318 0.9936

inf −∞ 0.0 0.59 −1.7

sup −7.11 0.147 2.08 2.0

Table 9. Difference Pattern Features
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Tolerance Over Not-Common Elements - F = 16

• Total tolerance: T = 4
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Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.5487 0.366 0.3439 0.4496 0.5535 0.6502 0.7349 0.75 0.75 0.75

sup {An} 0.5487 0.366 0.5939 0.6996 0.8035 0.9002 0.9849 1.0 1.0 1.0

w {An} 0.0 0.0 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4663 0.5585 0.6249 0.6459 0.6059 0.4981 0.3281 0.1146

inf {An} 0.5487 0.366 0.3413 0.4335 0.4999 0.5209 0.4809 0.3731 0.2031 0.0

sup {An} 0.5487 0.366 0.5913 0.6835 0.7499 0.7709 0.7309 0.6231 0.4531 0.25

w {An} 0.0 0.0 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:
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Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.1115 0.5524

inf −∞ 0.1 10.34 −1.83

sup −12.22 0.104 15.16 1.7

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −19.74 0.082 1.2084 0.0 0.3343 1.0445

inf −∞ 0.0 0.85 −2.32

sup −6.46 0.14 1.7 1.88

Table 9. Difference Pattern Features
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1.2 Common Elements - P = 6

Array Parameters:

• Number Elements: N = 20

• Services: Sum / Difference Beams

• Number of Common Elements: P = 6

• Element Spacing: λ/2

Constraints:

• Main Sum Lobe Width: BWΣ = 0.24u

• Main Difference Lobe Width: BW∆ = 0.38u

Simulation Parameters:

• Sample Points: 2001

• Max Function Evaluations: 6000

• Max Iterations Number: 1000

• Function Tolerance: 1.0× 10−8

• Constraint Tolerance: 1× 10−8
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Algorithm Behaviour:

• Simulation Time Pattern: 30 sec.

In the following figures are reported, for each iteration, the max values evaluated by the objective function and by the

constraint function for the sum and difference pattern synthesis.

Sum Beam:
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Figure 1. Sum Beam optimization’s fitness

max{ψ(k)} min{ε(k)}

−18.36 1.1× 10−12

Table 1. Max. value evaluated by ψ; min value evaluated by ε; simulation time.

Difference Beam:
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Figure 2. Difference beam optimization’s fitness

max{ψ(k)} min{ε(k)}

209.5 2.5× 10−3

Table 2. Max. value evaluated by ψ; min value evaluated by ε; simulation time.
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Excitations:

• Number of Common Elements: P = 6
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Figure 3. Sum beam’s excitations amplitudes
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Figure 4. Difference beam’s excitations amplitudes

Normalized Excitations:
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Figure 5. Sum and Difference beam’s normalized excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

αΣ
n

0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

α∆
n

0.5487 0.366 0.4689 0.5655 0.6372 0.6627 0.6247 0.5154 0.3404 0.119

Table 3. Sum and Difference beam’s nominal amplitudes values (symmetric excitations)
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Sum Pattern:
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Figure 6. Synthesized Sum Pattern

SLLnom [dB] Dnom

max [dB] BWnom [u] ψ1 [u]

−25.28 12.65 0.104 0.131

Table 4. Sum beam’s features values

Difference Pattern:
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Figure 7. Synthesized Difference Pattern

SLLnom [dB] Knom [1/rad] BWnom [u] ψ1 [u]

−19.8 1.2011 0.083 0.195

Table 5. Difference beam’s features values
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Tolerance Over Common Elements - F = 6

• Total tolerance: T = 6
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Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.0 0.0 0.0 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

sup {An} 1.0 1.0 1.0 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

w {An} 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5655 0.6372 0.6627 0.6247 0.5154 0.3404 0.119

inf {An} 0.0 0.0 0.0 0.5655 0.6372 0.6627 0.6247 0.5154 0.3404 0.119

sup {An} 1.0 1.0 1.0 0.5655 0.6372 0.6627 0.6247 0.5154 0.3404 0.119

w {An} 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:

-40

-35

-30

-25

-20

-15

-10

-5

 0

 5

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
ow

er
 [d

B
]

u

|AF(u)|sup
2

|AF(u)|inf
2

|AF(u)|2

MΣ(u)

Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.1722 0.8529

inf −∞ 0.104 9.46 −1.86

sup −10.00 0.160 14.87 1.76

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −19.8 0.083 1.2011 0.0 0.5431 1.6989

inf −∞ 0.0 0.4753 −2.5

sup −3.99 0.176 2.1159 2.9

Table 9. Difference Pattern Features
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Tolerance Over Not-Common Elements - F = 14

• Total tolerance: T = 6
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Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.5487 0.366 0.4689 0.3603 0.4642 0.5609 0.5714 0.5714 0.5714 0.5714

sup {An} 0.5487 0.366 0.4689 0.7889 0.8928 0.9895 1, 0 1.0 1.0 1.0

w {An} 0.0 0.0 0.0 0.4286 0.4286 0.4286 0.4286 0.4286 0.4286 0.4286

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5655 0.6372 0.6627 0.6247 0.5154 0.3404 0.119

inf {An} 0.5487 0.366 0.4689 0.3512 0.4229 0.4484 0.4105 0.3011 0.1261 0.0

sup {An} 0.5487 0.366 0.4689 0.7798 0.8515 0.877 0.839 0.7297 0.5547 0.4286

w {An} 0.0 0.0 0.0 0.4286 0.4286 0.4286 0.4286 0.4286 0.4286 0.4286

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:
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Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.1833 0.9079

inf −∞ 0.0 8.96 −3.04

sup −7.87 0.164 16.8 1.0

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −19.8 0.083 1.2011 0.0 0.5606 1.7536

inf −∞ 0.0 0.73 −2.98

sup −3.56 0.171 1.95 2.64

Table 9. Difference Pattern Features
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1.3 Common Elements - P = 8

Array Parameters:

• Number Elements: N = 20

• Services: Sum / Difference Beams

• Number of Common Elements: P = 8

• Element Spacing: λ/2

Constraints:

• Main Sum Lobe Width: BWΣ = 0.24u

• Main Difference Lobe Width: BW∆ = 0.38u

Simulation Parameters:

• Sample Points: 2001

• Max Function Evaluations: 6000

• Max Iterations Number: 1000

• Function Tolerance: 1.0× 10−8

• Constraint Tolerance: 1× 10−8
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Algorithm Behaviour:

• Simulation Time Pattern: 30 sec.

In the following figures are reported, for each iteration, the max values evaluated by the objective function and by the

constraint function for the sum and difference pattern synthesis.

Sum Beam:
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Figure 1. Sum Beam optimization’s fitness

max{ψ(k)} min{ε(k)}

−18.36 1.1× 10−12

Table 1. Max. value evaluated by ψ; min value evaluated by ε; simulation time.

Difference Beam:
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Figure 2. Difference beam optimization’s fitness

max{ψ(k)} min{ε(k)}

212.7 1.3× 10−2

Table 2. Max. value evaluated by ψ; min value evaluated by ε; simulation time.
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Excitations:

• Number of Common Elements: P = 8
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Figure 3. Sum beam’s excitations amplitudes
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Figure 4. Difference beam’s excitations amplitudes

Normalized Excitations:
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Figure 5. Sum and Difference beam’s normalized excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

αΣ
n

0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

α∆
n

0.5487 0.366 0.4689 0.5746 0.6507 0.6858 0.648 0.5401 0.3554 0.1265

Table 3. Sum and Difference beam’s nominal amplitudes values (symmetric excitations)
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Sum Pattern:
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Figure 6. Synthesized Sum Pattern

SLLnom [dB] Dnom

max [dB] BWnom [u] ψ1 [u]

−25.28 12.65 0.104 0.131

Table 4. Sum beam’s features values

Difference Pattern:
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Figure 7. Synthesized Difference Pattern

SLLnom [dB] Knom [1/rad] BWnom [u] ψ1 [u]

−20.01 1.1912 0.83 0.2

Table 5. Difference beam’s features values
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Tolerance Over Common Elements - F = 8

• Total tolerance: T = 8
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Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.0 0.0 0.0 0.0 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

sup {An} 1.0 1.0 1.0 0.0 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

w {An} 1.0 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6507 0.6858 0.648 0.5401 0.3554 0.1265

inf {An} 0.0 0.0 0.0 0.0 0.6507 0.6858 0.648 0.5401 0.3554 0.1265

sup {An} 1.0 1.0 1.0 1.0 0.6507 0.6858 0.648 0.5401 0.3554 0.1265

w {An} 1.0 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:
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Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.26 1.288

inf −∞ 0.0 8.32 −2.77

sup −7.15 0.184 15.56 2.18

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −20.01 0.083 1.1912 0.0 0.7999 5.5009

inf −∞ 0.0 0.3378 −3.97

sup −0.52 4.0 2.4143 3.45

Table 9. Difference Pattern Features
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Tolerance Over Not-Common Elements - F = 12

• Total tolerance: T = 8

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  5  10  15  20

E
le

m
en

t A
m

pl
itu

de

Element Location, x/λ

Interval Amplitude, An

Reference Amplitude, αn

Figure 8. Sum beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6785 0.7752 0.8599 0.9279 0.9755 1.0

inf {An} 0.5487 0.366 0.4689 0.5746 0.3333 0.7752 0.3333 0.3333 0.3333 0.3333

sup {An} 0.5487 0.366 0.4689 0.5746 1.0 1.0 1.0 1.0 1.0 1.0

w {An} 0.0 0.0 0.0 0.0 0.6667 0.6667 0.6667 0.6667 0.6667 0.6667

Table 6. Sum beam’s nominal and interval amplitudes values (symmetric excitations)
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Figure 9. Difference beam’s excitations amplitudes

n 1 2 3 4 5 6 7 8 9 10

nominal 0.5487 0.366 0.4689 0.5746 0.6507 0.6858 0.648 0.5401 0.3554 0.1265

inf {An} 0.5487 0.366 0.4689 0.5746 0.3173 0.3333 0.3147 0.2068 0.0221 0.0

sup {An} 0.5487 0.366 0.4689 0.5746 0.984 1.0 0.9813 0.8735 0.6887 0.6667

w {An} 1.0 1.0 1.0 1.0 0.6667 0.6667 0.6667 0.6667 0.6667 0.6667

Table 7. Difference beam’s nominal and interval amplitudes values (symmetric excitations)
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Sum / Difference Interval Patterns:
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Figure 10. Synthesized Sum Pattern

SLL [dB] BW [u] Dmax [dB] Pmax [dB] ∆ ∆n

nominal −25.28 0.104 12.65 0.0 0.261 1.293

inf −∞ 0.0 7.2 −5.17

sup −3.47 0.186 18.7 0.9

Table 8. Sum Pattern Features
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Figure 11. Synthesized Difference Pattern

SLL [dB] BW [u] K [1/rad] Pmax [dB] ∆ ∆n

nominal −20.01 0.083 1.1912 0.0 0.8244 2.5772

inf −∞ 0.00 0.644 −3.46

sup −0.9 4.0 2.089 3.26

Table 9. Difference Pattern Features
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More information on the topics of this document can be found in the following list of references.
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